
UNCLASSIFIED

AD 4031700

DEFENSE DOCUMENTATION CENTER
FOR

SCIENTIFIC AND TECHNICAL INFORMATION

CAMERON STATION, ALEXANDRIA. VIRGINIA

UNCLASSIFIED



NOTICE: When government or other drawings, speci-
fications or other data are used for any purpose
other than in connection with a definitely related
government procurement operation, the U. S.
Government thereby incurs no responsibility, nor any
obliption vhatsoever; and the fact that the Govern-
ment may have foruilated, furnished, or in any vey
supplied the said drawings, specifications, or other
data is not to be regarded by implication or other-
wise as in any manner licensing the holder or any
other person or corporation, or conveying any rights
or permission to manufacture, use or sell any
patented invention that my in any way be related
thereto.



ASD-TDRN-2-1013

Q 403-700
0 INVESTIGATION OF THE GENERAL STRESS DISTRIBUTION

IN IMPELLER WHEELS

, TECHNICAL DOCUMENTARY REPORT NO. ASD-TDR-62-1013

, "March 1963

L
C-

GCZ.

mix) Directorate of Materials and Processes
Aeronautical Systems Division

Air Force Systems Command

Wright-Patterson Air Force Base, Ohio

Project No. 7351, Task No. 73521 D D C

MAY 1

]1SIA Q
(Prepared under Contract No. AF 61(052)-520 by

the Technische Hochschule, Aachen, Germany;
Prof. Dr.-Ing. Wilhelm Dettmering, and Dipl.-Ing.

Wilhelm Soetebeer, authors.)



NOTICES

When Government drawings, specifications, or other data are used for any
purpose other than in connection with a definitely related Government procure-
ment operation, the United States Government thereby incurs no responsibility
nor any obligation whatsoever; and the fact that the Government may have
formulated, furnished, or in any way supplied the said drawings, specifications,
or other data, is not to be regarded by implication or otherwise as in any
manner licensing the holder or any other person or corporation, or conveying
any rights or permission to manufacture, use, or sell any patented invention
that may in any way be related thereto.

Qualified requesters may obtain copies of this report from the Armed
Services Technical Information Agency, (ASTIA), Arlington Hall Station,
Arlington 12, Virginia.

This report has been released to the Office of Technical Services, U.S.
Department of Commerce, Washington 25, D.C., in stock quantities for sale
to the general public.

Copies of this report should not be returned to the Aeronautical Systems
Division unless return is required by security considerations, contractual
obligations, or notice on a specific document.

B
3?-4"C. 400. 5-8-3



FOREWORD

This report was prepared by Institute of Turbomachines, Techniache
Hochachule, Aachen, Germany, under USAF Contract No. A161(052)-520. This
project was initiated under Project 7351 of Task 73521, "Stress Investi-
gaticne on Impeller Wheels". The research was administered under the di-
rection of the Directorate of Materials and Processes, Aeronautical Systems
Division, Wright-Patterson Air Force Base, Ohio, with Dr. J. A. Herzog as
project engineer.

The experimental work was performed during the working period from
April 1961 to December 1961.

For the establishment of the tasks for the investigations as presented
in this report, we are indebted to Dr. J. A. Herzog in his capacity as
Project Engineer. Moreover, we wish to thank Captain D. E. Beitsch, of the
European Office at Brussels, for his generous support and cooperation.



ABSTRACT

The experimental investigation6 with regard to the strength of im-
peller wheels are intended to provide a logical supplement to calculations
and to compare theoretical results with stress concentrations presently
covered by the theory. While the preparatory work proceeded, which covered
the conversi(in of' the test stand for the investigation of stresses in im-
peller wheels as well as cementing tests for the manufacture of models and
preliminary tests with regard tc the application of different measuring
methods, the data and program of calculation for the electronic computer
were prepared. The period allowed under tk.e present contract, which is
covered by this rejort, was too short to enable a sufficient number of re-
producible exFerimeLital JnvestlgatJons to be conducted which would permit
a detailed comparison to be made with the calculations.

The first part of this rejort is a detailed description of the avail-
able calculation data for rotatJing shells. Efforts were made in particular
to find a method of calculatlo;, which would do the fullest possitle justice
tc the complicated geometric design of impeller wheels.

The second part of the report covers the elucidation and display of
theoretical calculation results. In particular, such different influences
as the number of blades, plane temperature fields, varying shell slopes
etc. were examined.

The third part of the report is devoted to the description of the ex-
perimental analysis of stresses in impeller wheels. It covers a represen-
tation of the preliminary design of the model, the materials of which the
models were made, the testing equipment and the initial test results. At
the end of the report, reference is made to investigations that will be
conducted henceforth, as well as to necessary alterations~of the test
stand designed to obtain higher speeds.
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I NTROD UC T ION

The present Final Report entitled OInvestigation of the General Stress

Distribution in Impeller Wheels" cannot yet be regarded as a ocmprehensive

study of the subject as the time spent on such investigations has been too

short. The object of the work done so far has therefore been to complete

the necessary preparatory work under the aspects of theory and experimental

technique.

The test stand, which was formerly used for discs of uniform thickness

was converted to suit the examination of impeller wheels. The model mate-

rials that offered themselves considering relatively easy workability and

the advantage of joining components by a cement were the same plastic mate-

rials that had so far been used for photoelastic purposes; it was from

these materials that the first plastic models were made.

Three test methods were used for the experimental stress analysiss-

1. Photo-elasticity in examining blades which, being at first of equal

thickness, show a largely plane state of stresses.

2. Measurement by means of strain gages.

3. The method of brittle-coating which will be applied supplementary to

the measurements with strain gages.

The design of the wheel body was first determined by the contours of the

wheel surface carrying the gas flow where the contours were to be identical

with the gas flow line of a plane stagnation-point function. It has mean-

while been found, however, that other aspects existed in determining the

design of wheels used for stress analyses, particularly with regard to the

Manuscript released by the authors March 1962 as an ASD Technical

Documentary Report
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theoretiLal calculation of stresses. In particular, the subsequently

selected design determining function permitted the slope of the shell

to be varied through variation of only one of the parameters required

for the calculation of strengths.

Experimental investigations of stresses in arbitrarily shaped impeller

wheels will only reveal general information if experimentally established

values are compared to calculated values which are obtained through

reasonable processes of calculation and diminishing of the existing

problem as far as possible. However, if practical stress concentration

factors at corresponding points on wheels of various related shapes are

to be established it will be found that most of the former calculation

methods hardly permit a comparison with experimental results. The de-

termination of stress distribution in wheel bodies may be based on the

shell theory but such calculation does not include the stress concen-

tration factors subject to the variation in shape of the wheel and blade.

It would be going too far to specify all conceivable methods of calcu-

lation which always depart from the symmetric disk disregarding any slope

of the medial area of the wheel from the vertical to the rotational axis.

The simplest method of calculation may be to relate the sectional area,

symetrically to a medial area, vertically to the rotational axis, taking

into account the blades either by the specific gravity /7/ of the disk as

It is or as the increased thickness /30/ of the disk profile. Such

methods of calculation permit the utilization of an arbitrary profile

which may be calculated by the known methods of Graeel, Donath-Karas,

Keller-Salzmann, Kissel, or by the method of differences.

ASD-TM 62-1013 2
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An interesting mothod bf calculation has been suggested by K. J. MAi-

ler /29/, which however takes into accouat only the nonsymmetrical design

of the wheel with regard to the radial bladIng. The blades are assumed

as removed from the disk and the displacement of the disk-disregarding any

pronounced slope - and that of the blade star are considered to be sepa-

rated by the centrifugal forces. Statically indeterminate forces are ap-

plied to the virtual sectional areas so as to produce an equal displace-

ment of the disk and blades in these areas. Here again, calculation

will be conditional on the simplification of an axial]y symmetrical

loading and dilaticn of the complete wheel. However, to render an ana-

lytical solution of the system of general differential equations ýossJble

from an equilibrium of forces and also from a state of deformation, the
0 'I

method of K. J. Muller requires the actual profile contour to be approx-

imated by a hyperbolical profile design of the term h = C(r/ra)-8 with

ra being the external radius. Figure 1 shows for the example of a shell

the relative stress terms which were cal6ulated by the method of K. J.

Muller. The statically Indeterminate forces result in shear stresses

at the virtual secticnal areas between disk and blades. Even the latter

method requires a considerable calculatory effort if the statically in-

determinate forces are to be determined with accuracy and oaly if table

computers are available.

ASD-TDR 62-1013 3



I. Method for the Caleulation of Stresses in Rotating Shflia and

its Interwet&atio

1. Istablishment of the Differential-Eouation in the Theory ot Shells

A) Conditions and Remarks on the Stresses to be Calculated

If the problem of rotating shells Is to be solved more cospre-

hensively, the greater calculatory effort involved requires the

use of electronic computers. In a recently published book by

K. IZfler called "The Calculation of Rotating Disks and Shells",

Springer-Verlag: Berlin/Gottingen/heidelbert 1961, a method of

calculation is described which permits the entire state of

stresses in rotating shells to be covered to a wide extent,

which was demanded above. By this method, radial blades, canti-

lever rings as yell as eccentrical holes can be taken into

account right from the beginning. One of the conditions this

method requires is that the shell of revolution be resistant

to bending. Its state of stresse is described by five stress

terns, vis, the longtudizal stress 0' , whose direction mast

be fixed in relation to that of a meridional section of the

medial area of the shell, the tangential stresso ,, the

longitudinal bending stress 0, the tangential bending stress

6 and a shear stress r', which Is tc act in the direction

of the normal to the medial area of the shell and is asswmed to

be the mean shear stress of equal value in the whole cross

section. In establishing the differential equations for the

rotating shell, the simplified but largely reliable arrangement

Is made that Oj and p are taken to be invariable within the

thickness h of the shell and that the corresponding superposing

bending stresses are linear over the cross section.

ASD-TDR 62-1013 4



B) te Dtifferential.•. uationa of the Smooth Shell

a) Establishment of the Differential-Equations of the Smooth Shell

from the Equilibrium of Forces and Moments

In Figure 2 the slope refers to the inclination of the meridional

section of the medial area of shell, the ordinate nomal to the

axis of rotation. With 6 - 0 over the entire extent 1 the disk

would be symmetric. In Figure 3 a shell element is cut out of

the shell of revolution, the angle 6 being variable within the

shell element.

Formulation of the equilibrium at the mere shell element without

any additional fins.

The equilibrium of forces in the direction 1 of the meridional

section of the medial area of the shell results, as is shown in

Figure 3, in the following differential equation:

d(o,1hrdjo) - oa. hdd.•cs6 .+ rhrdrpd6 + hdlrdrwos=5 .0 (1)

A few forces which are small in the higher powers have not been

recorded, which applies also to the following.

The equilibrium in the direction of the normal toward the medial

area of the shell element under consideration is formulated as

follows:

d~rhrdF) - •hd/d?. wnS - ohrd 6d& hdlrd4 rw.5in+ (2)

+ prdrdt - 0
In the last equation (2) the letter p means the gas pressure.

From the forces and bending stresses entered in Figure 3 and

from the geometry of the shell element, the equilibrium of the

moments existing around the tangents on a parallel circle of

the medial area of the shell may now-be easily read off at the

upper edge of the shell element:

ASD-T•R 62-1M3 5



d(qb-6rdpe) o.bItadldpw =6+M - 0 (3)

The moment by the shear stress r at the lower edge of shell

around the previously chosen direction is expressed by the following

formula wherein dx means the chord length of arc dl (see Figure 4):

dtlr - hrd~p cos 4d-dX (N)

The term obtained for the length of chord is

dx - 2 sin - di
2d,6 2 cos~j~

thus resulting in dM ' t hrrdld -Jfi h . Chrdfd/ sid
r '11 d6

The equilibrium of the moments can now be definitely expressed

as follows:

d(ehardr) -c7bL'didpoS& +rthdirdl , h 0 (5)

b) The Differential-Equations Derived from the Stress-Strain Relations

From the equilibrium of the forces and moments three equations

could be established; another two equations will have to be formu-

lated from the state of deformation in order to arrive at the five

terms that are wanted.

With regard to the displacements, Hooke's law may in general be

applied to the variable stresses 0*extending over the whole

cross section, i.e. at first to radial stresses and strains,

which may later be replaced however by the relative terms in

the direction of 1

O -* fEi [(,Ei' ,) ('kL01
(6)

0, -. +.f& EY. ~,-(1 +* 0]~w

ASD-TM 62-1OL3 6



, is the linear coefficient of thermal expansion and 66 any over-

temperature. If the further terms are adopted from Figure 5,

p represents the slope produced by bending, 8 the torsion caused

by shear deformation (see Fig. 6), und k the distance between the

central section line and the chosen ordinate. u is the displace-

ment of an arbitrary point on the cylindrical section with the

coordinates r and y for which u (r, y) is formulated as follows.

u(ry) - u(r- (y -k)( +13)Se ur~ dy(r) _V dk t 3 dle + y-k)dr

r r r r + r 3
The general stresses now take the formula

E rak +(y-k) A +(y#/k I)d nd -3k+v1 +v -5V+3

E dd' _ dk U (8)

The tractions Pr and P are obtained from the integration of

stresses aTr'n*d 0'* across the cross section between the boundaries

y1, 2 = k I Yo/2.

The tensile stresses result from k+ N

ýYr~ ~~ ~ 1 1 ' -P d (9)
~2ffry. Y, Y d dry, Y- k -

If dk/r is regarded as negligibly small, and dk/dr - tan

one obtains - since an appreciable number of terms add up to

zero - the stresses that are constant in the cross section:

E du u (1.L)Z•1

Figure 7 shows the relation between 01 and Or.;
P, = -

2rrrh 21rrht 2Trr4 r, (11)
h is the thickness of the shell at the point examined if it is

measured normal to the medial area of the shell.

ASD-TDR 62- 1013 7



An examination of the bending moments at the shell element leads

to the slope 7p , which we should like to have eliminated from the

equations so far established. Figure 8 permits the establishment

of the following relations between torsion and bending stresses;

if h /2 is the distance from the outer rim of the section to the

central section line,

U b h (12)
and with e~ . ~hk Ub e1=7 (3dl 2 dl ; 2 (3)
and using Hooke's law as applied to the displacement of the outer

rim of section caused by bending, the result is:
b/= E-• b/4
bi_ E tveb)_VY( b(14)

If 6• is substituted by the corresponding terms, one obtains

b Eh

We obtain from the above equations i - , (;- •vb) (16)

and from the equations (10) u-(=',,- v) , +ra t9 (17)

If these equations and their derivatives du/dr and dy/dl are in-

corporated in (10) and (15), taking into account also

Zt/G -21- (1+-V), we now obtain the wanted equations:

Pdm-d!r++vo;%csf2shs 2-o ý+ (1+i)sii7.r-E dt9=01a

di dt r h 00

v (1a b d b, + Vcos& cs 6 +v .b
dl h dl 17'0ý , rh Ci h (18b

In his book "Calculation of Rotating Discs and Shells", K. !bffler

offers the additional possibility of considering a linear dis-

tribution of temperatures in the direction of the normal to the

medial area of the shell, which in this report will be mentioned

only in passing and which offers no calculatory difficulty what-

ever.

ASD-ThR 62-10L13 8



C) •n2lusion of•Blades,.Ring•sand Bore;

A consideration of radial blades or rings and bores, the latter be-

ing an exception, permits differential equations to be established

in such a manner that these will change only with regard to their

coefficients as opposed to the smooth shell, so that the new co-

efficients represent the sums total composed of the coefficients

of the smooth shell and of certain additional members. The blading

of the shells will now be considered first. In the following, the

expression blades will frequently be replaced by the expression fins

since by load application their function rather correspoads to that

of a finned design.

a) The Altered Design of the Differential-Equations by Including

the Existence of Fins

In view of the small azimuthal extent, the fins are assumed to

be free from tangential stresses. If the longitudinal stress in

the fin is expressed bycrR, the following relation becomes valid

due to the equal Strain of fin and shell:

TR -V0i. (19)
If to the area of fin FR, which may be assumed to be evenly

distributed over the circumference, an equivalent thickness

h' = z F R/2rr with z being the number of fins is added to

the thickness of the shell, the equilibrium in the direction 1

is easily formulated.

d[rd d1hrd(-)- O, h d/di =6 + C hrdpd6+d[(,- PcT,) rdkph'J+

±Zh~drdd8+ ( t7,h9 dlrd~ p)wrcs6 - 0 (20)
For the sake of simplicity, r has in (20) also been assumed to

be constant over the cross section of fin.

The equilibrium in the direction of shear and of the normal

also results in

dfErdy (h7+h') - o,hdidl sinb - 0 hrdjed6S- h'rd# (o - 'oL, ) d8

+(h+h')dlrdiPrw2sin6 + prdipdI - 0 (21)

ASD-TDR 62-113 9
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The equilibrium of the moments around the direction of the

tangents to a parallel circle must be established from the

following components. If w is the moment of resistance re-

ferred to the circumference and relating to the finned cross

section, the moment from the longitudinal stresses is

dl11 - d(obrdf w) (22)

The component in the direction of the tangent, taking into

account the sign of the moment through tangential stress 0 "?b

is obtained, as in the case of the smooth shell, as
b h2

/r/p . - T d/ c (23)

Figures 9 and 10 show the forces on a finned shell element as

well as a representation of the further terms and designations

employed. The shear stress in the shell furzishes a moment
lr .-C rdrhdl sin dd (24)

d(24)
and in the fin

R r = c'ci srd6 (7
dl' being the mean length of fin which must be A times as large

as the length dl of the shell.

The geometry of Figure 10 yields

22
di1=tad6 dt

'dd
dl'- dl ( + I , ,.,+ hi, + t) d

22

A 1+I ( hi -[± hi + dl t, A(L (26)dl 2 2 tI F A

The radial components of the tangential stresses in the shell

have around the centroid of the whole cross section a moment of

N15-~d~cs (27)

ASD-TES 62-.1c3 10



Similarly, a moment is produced by the longitudinal stress

in the shell, which is of the following magnitude around the

centroid

di,, -d (ordhls) (28)

The longitudinal stresses 0. -((7 " 00,P) produce a moment around
the center of gravity

dM, - - d [ (7 - ver) rd(Ph'$'] (29)

As is shown in Figurel1, s indicates the distance of the centroid

of the whole cross section from the central section line, and s'

indicates the distance of the centroid of the fin cross section

FR from the whole centroid. If dMls and d 1R are combined to

dM,,fdM,,I - df, rdip(hs- hs')J -vd(47,rdph's) (30)

the term (hs - h's') = 0 because of the equality of the statical

moments.

The equilibrium of moments may be obtained from the following

addition

dli + HP +l•,t,4i "NNs +d(MIsS +1M,) u 0 (31)

For trapezoidal fins, the following terms are obtained to determine

the moment of resistance of the whole cross section, using the

signs of Figure 11:

17. oy 2b

SR being the centroid distance of the trapezoidal cross section

from the larger basis b.

The distance of the whole cross section s from the central section

line of the shell is

S W (a.b)h4 (S. +
+ Db)ha + 31Z

AS.-'DR 62-1ML3 11



The moment of resistance w is obtained by converting this term

in such a manner that the moment of resistance of the smooth

shell w - h2/6 referred to the circumference is given only

another term ha oa+4ab+ba 2+_ Ž has a
5(65-h) +h 36 aob 2 (32)

6 3(h+2s) 2M (s +)
The two differential equations yet to be found from the state of

dilatation will be affected by the fins only insofar as in the

term (15), and consequently also in the equations (18), h will

be replaced by the length (h + 2s), as the distance between the

outer rim of the section and the central section line is no

longer h/2 but (h/2 + s).

b) The Influence of Rings on the Differential-Equations

In view of the widely varying designs of radial compressor wheels

or radial turbine wheels, cantilever'rings inst frequently be

taken into account which may be used as a form of packing, or the

wheel body may be provided at the center bore with a hublike

thickening which may be regarded as a ring zone being free from

radial stresses. If such rings are considered an being free from radial

stresses, this should apply only to narrow and thin designs of

rings. Subject to the design of ring, however, an teffective

length' of a virtual equivalent ring can be determined which

has a constant tangential stress in an axial direction. In his

book "Calculation of Rotating Disks and Shells", K. Lbffler in-

cluded diagrams which have been evaluated by W. Burkhardt for

rotating disks and which enable the above mentioned corrections

to be made through the selection of an 'effective length'.

However, it would be beyond the scope of the present report to

deal in greater detail with the problem of tia eantileiw

rings of marked projection, although the possible existence of

cantilever rings should be duly taken lab uiafet.

ASD-TDR 62-14M3 12



For the sake of simplicity, the ring will in the following be con-

sidered as being completely fros from radial streases. Due to
the tangential displacements being equal,

0,R - ,(3

As was already assumed in the case of the fins, the shearing

stress will here again be considered to act as a mean and constant
value even beyond the ring zone. Using the terms and forces

plotted in Figure 12, the equilibrium of forces obtan" at

the shell element in the direction I leads to the following

differential equation where forces being small in the higher

powers have been disregarded:

d(oj, hrdV) - o', hdidi cos 6 + rhrdidS - (o", - vo, ) Ldi dp Cos6 +

+ C Lrdpd6 + -4 9rdp (h+ L)dlrw•cos& - 0 (34)

The equilibrium of forces in the direction of the shearing

stresses will thus simply result in

d[rd(P(hL)C1-([ophdtd?+-(oY, -Pv) Ld/dV I sin6 -a, hrdpd6.+

+ rdr (h +L) dt ruil sin6 - 0 (55)

The equilibrium of moments is again established around the

direction of the tangents of the parallel circle through the

central section line at (1+ cL). The bending stress 09,b

produces in the shell the moment dM, d(ocrdT (36)

The same displacement is caused by the bending stresses on

the virtual sectional areas between shell element and ring,

under the term of

a. LX? o(37)

cr, indicating the bending stress on the virtual sectional

area acting on the ring in a tangential direction. As is

shown in Figure 12, there is a relation

fit (38)
between the bending stress 'r... and the bending stress 17i

at an arbitrary point of the ring and at a distance y from the

center of shell.
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The moment of bending stress crb around the sectional line of the

medial area of the shell with the lateral areas of the shell

element bounded by df is

dM. Lr b dy-di-y (39)

Adopting the equations (37) and (58), equation (9) leads to

dMR h2 q( -vol )dydI 40
b k

The linear connection -v - (41)

exists between the tangential bending stress on the outer rim

of the shell b and the tangential bending stress Ooccurring

at an arbitrary point with the distance y from the central

section line.

b
The stress a thus produces at point y the moment

b 2 _6

dm =-crgs dty 2 -F o, .dydi (42)

using term (41). The total moment from the tangential bending

stresses is obtained by integrating MR and dM

"NIP - fd, + fdMs . J2 it(,c-LPa,)y1,dy+f2 yV(43)

Since i7ý and 0, act on the boundary areas of the shell, thus

being constant values, the solution of (43) leads to

N, 1 +2.ý.) 5+ 1j dI [ dl (44)

By introducing 4-7[L(14.2T6)~

the expression is abbreviated to

,;,:•(¢+,"-• dt• (45)
6

Figure 1) illustrates the direction of the active moments and

their resultant M' .4dr . This Moment is produced by forces

having their resultant in a radial direction. However, since

the moment around the tangent of a para&el circle is wanted, it

is only the component in the direction of I that can be active;
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it is therefore

1 M7 .dp -cos 6 (46)

Another moment is caused by the radial component of the tensile

stress a*existing in the ring. The force 0%,- L dl. df

resulting from this stress is active at a distance 1/2 (L + h)

from the medial area of the blade. This moment acts positively

or negatively, subject to the side of shell to which the ring

is attached. On the convex side, i. e. the side away from

the axis of rotation, the moment should be taken as positive.

With the moment produced by the centrifugal force of the ring

element,

MP2 (ordI L!±y*hdr- Zw~ r'Ld1 L'h)c 8  (47)

The cosine of angle 6 reappears here because only the components

pointing ln the direction I' of the forces LT, L dl df and

1/g--w-r dP - L. dl acting in a radial direction produce a

moment in the prescribed direction. Equation (47) may be ex-

pressed more simply if the relation of displacement

o,,,=O"j, - L' is used:

fr,(y~~iw tL+17ŽIdi.drco6 (48)

If the simplifying assumption of a constant shearing stress t

existing over the shell and ring elements, the following moment

through the shearing stress is obtained, analogo-isly to the

smooth shell:

Mr '(h(+tL)dlrc4 , (49)
d6

Taking into account the signs, the equilibrium of moments can be

established with the elements dMI; MV, ; t Mp and M-

dHi1 - Mp, Mr,+ Mc - 0 (50)

or more minutely

d-h'Lh --)a - v. cos 6 t (or-, - w 2do'4 T) 6L . 'jdce- r)
xwiL~d rwj~~cs&I r(h7+L)d~rd$P 5"(' - 0 (1

2 d6
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The three established equations designed to determine a- 0'

1b b b and r are supplemented by the differential equations

established from the stress-strain relations for plain shells,

the condition being that analogous to the finned shells the

value h must be replaced by (h41) in the differential equations

(18).

c) The Influence of Additional Loads on the Differential-Equations

In establishing differential equations from the equilibria of

fcrces or moments, outer additional loads may be taken into

account without difficulty. These enlarge the differential

equations by terms which will be dealt with in detail.

It should be observed that these additional loads are active at

certain points of the shell, thus representing magnitudes which

are taken from the geometry of the shell and which should no

longer be introduced as variable but as constant values. If there

is a radially acting additional load, which will be called Pz'

the additionally occurring stress at the outer edge of a shell

element with the radius r and a shell thickness hi will be

S- Cos6i (52)

The equilibrium of forces in the direction of a meridional

section will thus be given another term, so that (1) now becomes

d(qhrno)- Oph d*Cos6+rhrdfd6thd r*ZrW'cos5+ 0.d7 hi - 0 (53)

The normal component of P z viz. Pz. sin &i occurs as an

additional force in the equation of equilibrium (2) if

r= (54)
2inrh,

expresses the additional normal stress, and (2) is changed to

become
d~rrdph) - cphdl drwsit8- ohrd6d + hdl rd#r r rw

+prdr~d +i jhdp - 0 (5)
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If the additional load P comes to act at the distance k fromz
the centroid of the section concerned, this will produce an

additional moment of the magnitude

M, - 1 rid~p ; k 6)

This moment supplements the equation of equilibrium (5) in the

form ofh2
d(e± ra*) - q~bhd~d~cs8+r/7dl rdp "' d + q, id~phikO- (57)

6 6 d6
In view of the above, we oan now write the

differential equations in a general form so that they could be

formulated for fins occurring in conjunction with rings and even

additional loads. This, however, will be done later when the

differential equations are compiled and the conversion of

differential equations into equations of differences is il-

lustrated by means of an example.

d) The Influence of hEccentricalCircular Holes upon the Differential-

Equations

When in the first approximation the zone of bore can be taken as

free from tangential stresses, the stresses occurring at the

beginning of the zone of bore can be immediately expressed by

the stresses occurring at the end of the bore. This means that

the relation between the stresses occurring immediately before

and immediately behind the bore is not expressed in a differential

equation but in a linear dependence. Stresses and geometric magni-

tudes at the beginning of the zone of bore will be marked with the

index i-I and immediately behind the zone of bore with the index i.

At first, the relation between the longitudinal stresses 4r. and

a, will be dealt with.

oi is determined from the equilibrium of forces on the spoke,

i. e. the shell element between the bores. P expresses thesp

centrifugal force of the spokes, Pschr the centrifugal force
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of the bolts or pins which may be inserted in the bores. The

equilibrium of forces is now (see Figure 14)

P1 = Pi-1 - (Psp + Psh)hr coS (58)

If the forces are expressed by the stresses, this results in

042,r, h, . (o,- PIP + PSr WS6) 21 rr.,h,., (59)

If we substitute

P ee + PSchr C056 (60)

we obtain

r, h, 1,,.1-, r, h; op (61)

To enable a calculation to be made merely from the geometry of

the shell and from the indication of the bolt weight GSchr,

a suitable description will now be found for %, . This re-

quires however that a few relations are established from the

geometric conditions of the zone of bore.

The variable spoke section will be replaced by an equivalent

rectangular section. The thickness of spoke is then

sp (hi + hi 1 )

The mean section of spoke F can be determined only throughsp
determination of the volume of the spokes between the bores.

According to Figure 14, the volume of the zone of bore (in-

cluding the bores) is

V I''

vM . f -r#. !,) .h, r
coSS

The volume of n bores Is

V ~.. (r~~' C hen ST1-r. 61h,0 1
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The volume of the spokes between the bores is

V - V4- VL

the mean section of spoke is

V. cos 5
F = -~

sp [i -ri. -

F - 6• h.

Since 11 , and using the abbreviation
CO,

tl 4Fp - th, p.r (62)

The spoke force P and the centrifugal force of the boltssp
Pschr are expressed as follows

P p t h •Tf~ '' - r-m. CU-- r-
spCos6

2
PShrGChr !AL 2g 2

If Psp and PSchr are introduced in (60), the result is

OyWa (r, +rn.,)(tha I + -Ga- -)cos (
OV = Y .,h,, • (63)

We now want to formulate, by anticipation, a suitable coefficient

for the establishment of a matrix yet to be dealt with,

C . -th( + r- s (64)ri-•. -•, 4 ri. h-_, i-1

The tangential stresses may be brought into relation with the

displacements. If a mean stress in the spoke is taken to be

P- 0,., r,., h,.,, -F 1+ 7o, r(6h

2th•, (65)
this will produce in the spoke a displacement of

u EP = E0 " T%• (66)

The displacement at point i results in

U, - Ui.I + ' (67)
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At points i and 1-1, the displa-ements are
U,.-- I li- ," VO.,) - 1i.1.•.

(o-8

U1 = 1i ( p - vq, 2 
(68)

if (66) and (68) are introduced in (67), eliminating or through

the use of (61), the tangential stress ap will be obtained, which

is dependent only on the stresses O.-1 and O.I i. e. on

values existing immediately before the zone of bore. The appro-

priately summarized result is

-rr--". i "- hi1 41 h.I -I a, + ( 1- 1)+ 2-. 1-1

-r.l h i. ( P + Eoh ) O. + A I Ect (69)

For the present purpose, the modulus of elasticity and also the

linear coefficient of thermal expansion have been taken as con-

stant over the length of spoke (1i - 1ii_) - a 1.

The relation between the moments is obtained if the equilibrium of

moments around a tangent to a parallel circle is established at

point i. Moments are produced by 01', 1,,b, and by the shear

stress r,.,.1 The equilibrium of moments is formulated with

M •j-M ,,.,+Mr - 0

b 2lr,h,' b 2,r,.,1h,., 2 j ,,.2 ., 0ti 6 111-1 6 .+ r'i-lah-2yr.

•b h 2 r~ h
b= -- 6 r,., !L. ri6r r (70)
1i li-i r ho.

The relation between the tangential bending stresses imediately

before and behind the zone of the bore Is fomud b eOparWIng the

slopes at the beginning and end of the spoke (see Figure 15).

"V, " Vi.1 +ay (71)

AV is the change of slope within the spoke. In order to arrive

at the change of slope in the spoke, a mean moment of the magnitude
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M + I _1M

sp .2
1• 12 0;b .7

M*~ -(a, b r2rr h!+01 r- 2rrL ) (72)ep ~ ~ ~ i 61

according to Figure (15), is considered aoostant above the length

of spoke & 1.

The equation of the deflection curve, where h in this case ijm.-

diostes the deflection, reads

2 M (1)d2h + s

S - =(73)

Since M is independent of,1 the solution of (73) leads to
sp

dh =,+ 1 + C
dh _ _

with 140, ýL= 0, and also cI = 0. As only small slopes occur,
dl1

we may write

,& tn t,

The change of slope in th 1 case of the spoke is

6 !FL) (74)
2 EJ

The length of the axis of inertia is tiT, and, consequently,

the moment of inertia J - t7T , which leads to

;-1 ~ )L~ (75)
Eth,~

The deflection of the disc at the points i-I or i is obtained

from (see also equation 16))

I=2r b -b

Y1=iI (%-I vPC,) (76)

2r b b

The equations (75) and (76) are introduced in (71) to obtain
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the new formulation for the deflection

-2 b2, b _ , , •f b 1 r (7 7)
Eh (4-'P~ O"' Eh (., -Lj.)+ Eth' iIb 1" ha) v
If, finally, Of I X is replaced by formulation (70) and (77) solved

for b,' the result is an equation having on the right side only

terms with the index i-i

b r h b A h.h011 •,' •,. + 2 + ,,( v h;,,,] ,, ,,,A

r hi Arh.
h-6. 1 i + (78)

The still lacking equation required to determine the five wanted

stresses at the end of the zone of'the bore in very easily obtained

from the equilibrium of sectional forces which act normal to the

spoke ends

i- - 1 -1 (79)r, r hr (79)

Where bores are arranged in an annular way, the linear equations

(61), (69), (70), (78) and (79) replace the corresponding

differential equations as these were establisbed, for instance,

for the case of the smooth shell.
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2. Application of the Matrix Calculus for the Determination of Stresses,

the Differential-EQuations havlnx been Rewritten into Equations of

Differences

a) Compilation of the Differential-Equations

The differential equations will first be compiled in a general form,

taking into account the presence of fins, rings and additional loads.

As has been mentioned before, the coefficients of the general equa-

tions are sums of coefficients of the special differential equations

from the smooth shell and of the additional coefficients resulting

from the consideration of fins, rings and additional loads.

If divided by dq - dl, five differential equations of the following

form will result if

1.) the equations (1), (20), (34) and (5)) are collated

-[r(h+h')o; + LLco-6- v-d rho-,, - (h+L)o. cosb +

+(h+h'+L)rZ*A-+ (h+h+L)t!w2r2ws6+i rjhor = 0 (80)
di _q9

2.) Differential equation (18 a) alone, except that in the case of

the fin in the coefficients appearing at 7b the term h is re-

placed by the term(h + 2 A, and in the case of overlapping rings
b

in the coefficients appearing at (7ý the term (h+L) must be intro-

duced, which will lead to the generally valid form.

di r dt r h +2S

I�s6 .b+2(+)3hT-E dt% _ (81)
3.) Compilation of the differential equAtions (5), (31), (51) and (57)

-3V(h+L)Lcos6o + [3(h+L)L-6hsjcoso7 rr+6& d(rh's'op,)+

"+6A 1 (rwo)+P hl sdob-h(1.tk)c6 + 6 ""n ( h+Ah'+L)r-

3(h+ L)LI(Aw2r~cs - 6(k-s)~LL - (82)9, dl
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In (82). the factor (k-s) before the last term takes into account

the distance of the active additional load from the axis of in-

ertia of the finned cross section, while in (57) only the action

of additional loads upon smooth shells was described.

4.) Generally valid differential equation according to (18 b)

d I b+ I1+VC'os a .bdil6) V+cos60,
C-71 ( _+2S ('h +2s)r 7 tIL+

5.) Compilation of the differential equations (2), (21), (35) and (55)

in the generally valid form

vi.'L0o, - (h~h)rqojL - (h+L) sir6o,,+vh'rqjA +4'dl i
+d[r(h.j+L)t1]+pr+(h~h+L)L Orlu','io•t rh.•- 0 (80)

dig dl
It should be pointed out once more that the differential equations

(80) through (84) have been formulated in such a manner as to assume

the special, previously derived forms for smooth shells, fins, over-

lapping rings and additional loads if the geometric values which do

not exist for a given case are assumed to equal zero.

b) Transformation of the Differential-Equations into Equations of

Differences

The five linear differential equations describing the problem of the

rotating shell may be converted into linear equations with small but

finite differences if the functions contained in them are replaced by

the arithmetic mean of their initial and terminal values of a

sufficiently small section and if each differential is expressed by

the difference of the two values of which it is formed. A function

should be expressed as follows

F -i + Pi-i (85)
2

If 1 for instance is to express the independent variable, a dif-

ferential is replaced by a quotient of differences of the form

d_ AE1 -Fi(66)
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The differential equation (80) expressed In the form of differences

will assume the following shape

+ ý(L, cos80*+L'os.[,t+h)a-r (h. 7+h;,) I +q V . o~ ~
- ]-r [i ar

i- r ho : - ( Z , + h,-o,-,,) cos ,,., ) -

+ 6 -' [(h, +h;l' + , (1, +r ,..h,. L,.,)i;., r, 1J +

+N _LW2 [(h,.h,'.,+ ,,,L,, +.. )=Sr+(h,., h.', + .,I)w6..,r,'., 0-o (87)

The last term of the equation (87) is obtained by substitution

and by combining the corresponding eoefficients in the term of the

equation which is produced by the centrifugal force, i. e. attached

with dr2- . O= describes an additional load vhioh has %he

distance of the center of mass r from the rotational axis. In8

a like manner as with equation (80), also equations (81) through

(8 4 ) are converted into equations of differences, which however

will not be demonstrated in detail here. If equation (87) is ex-

pressed with general coefficients and if the terms attached with

and are put on different sides, the following equation is

obtained:

bo ,+ bo• L br,,-bao'j+b+ an' b +b,,r + ba5 !J2,2 4b0E6t. a.6,.=

, a ,ba., a., P,.,, co, + ,,+ o-,, o4.. ,,. ., av, ,(88)

In equation (88), the coefficients

boa, bo, . . ,a,-a,.-a 0.
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e) Application of the Matrix Calculus for Solving the Equations of

Differences

The application of the method of differences with a view to determining

the five wanted magnitudes is based on the technique of subdividing the

shell into the smallest possible sections. If the terms of stress at

the Inner edge are known, those of the outer edge may be determined

from the five given equations. While the calculation of the state of

stress by means of transmission matrices appears to be rather tedious,

the advantage offered by this method becomes obvious if it is con-

sidered that this methodpermit. easy determination of store data in

programatic calculation where the time of calculation required by

the high-speed computer is of minor importance. All geometric data can

be immediately taken from the drawing, which together with the known

boundary stresses, material constants etc. determine the number of

storage data. If a stress vector of the form

Of

at

Sm c (89)

is defined and all equations (81) through (84) are expressed in the

form of differences, the set of equations will, in matrix form,

assume the following form

BS AS (90)

It should still be mentioned that another two equations have been

added to the five differential equations, viz.:

lwit2 - ra 2(r 2 9
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and

C (EC )(91)

Equation (90) may be converted into

S. W - 1 . A S 1  (92)

thus establishing the relation between the outer and inner edge of

the section. If there is the case of a shell with center bore, the

stress terms (7, 00b and r at the inner and outer edge of the whole

shell are usually known. An equation is therefore used which connects

the stress vector S at the inner edge with the stress vector S ato a

the outer edge.

At an arbitrary point i of the shell, there is a relation with

B. Ai = 0yI

S ,, . D,,. . o . •, .D -.oS--,5o (93)
j,11 1-11-22,t 1,0 0 i0

Outer edge and inner edge of the shell, with n sections, are connect-

edby
S=,,,,.,. ,,,,... * .- I .*D ,,DoSo -1 .5o (94)

All matrices Di,i.I my be easily determined, so that suitable

defining equations say be selected from (94) to determine 0. and
•r/at the inner edge. The inner edge vector So now being known, the

vectors Si can then be determined with the aid of (93) and (92). If

there is no center bore, the defining equations

0- , -o and ; b,- ,- 0

will now offer themselves, since the stresses existing at the center

of shell have no discrete Wdirction and must therefore be equal. The

latter courses of calculation clearly reveal the impossibility of

calculating shells by means of table computers, as the establishment

of coefficients for each section (the accuracy of the method being

dependent upon the number of sections) would represent an unjustifiable
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extent of calculation, so that matrix multiplication and matrix in-

version of the form B_1 • A are on17 pra-tical by means of elec-

tronic computers. For the sake of completeness, term (90) will be

represented in details

B S A SI-I

boobob, 0 0 b1*bos0 O't 0.a,0 0 a4 %, 0 1

bmb, ba ~ 5ba, b, 0 b. 0" 1 a, ,. a.,• a. a.s, 0 T O

0 0 b bjO 0 0 0 .b = 0 0 a a • ,a 0 0 * •,b (95)
to ab 0o 0a ,o4,0 r

0 0 0 0 0 1 0 Jr'% o o o o o a.0 war'g*

0 0 0 0 0 0 1 EC. 91 o o o o o o 0a. Ect 1

In the case of a zone of bore which is free from tangential stress,

(95) is replaced by a corresponding matrix equation which is formed

of equations (61), (69). (70), (78) and (79). Here matrix B has

covered only the mean diagonal with the coefficients 1. In matrix A

the coefficients are arranged in the same manner as for instance

in (95). A representation of the various coefficients may be dis-

pensed with; as Is shown in example (87), these may however be

easily determined.
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II. Desoription and Greahlc Renesentation of Results from the Theoretical

Stress Deteridnation

1. Results with pyglier-Wheels whose GeometrLeal Shapes were Chosen

asemawtioally

The diversifled designs of Impeller wheels oannot be esilly classl-

fled systematically. A possibility of determining the Influence of

different wheel designs upon their strength would be to compile a

catalog of the course of stresses in manufactured wheels, arranging

them by certain design characteristics etc. The Investigations con-

duoted by the "Inatitut fUr Turbomasohinen" at the Aaohemn Technioal

University on strength problems of impeller wheels are aimed at intro-

duoing a oertain systemlsatton in the wheel profile whereby the de-

pendence of the stress terms on a single design parameter in lnvesti-

gated. Whor the parameter peases different values, one possible

wheel design will be maintained. In the initial equations for the

calculations concerning rotating shells, the geometry of the shell

yields definable magnitudes which may be Individually varied, while

all the others are kept constant, in order to determine in this way

the influence upon the strength. The most interesting variation is

to be found here in the different slopes of the shell to a plane

located vertical to the axis of rotation, which so far had been under-

stood to be the angle of slope of a meridional section of the medial

area of the shell.

However, in general the slope 6 is not constant over the extent 1 of

the merldlonal section. To describe the meridional curve, a function

of the form

y- k[1-COS(1,35T5P)e.P 8J
was selected, the y-axis being the rotational axis. The abscissa i

represents a relative length

L -62
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In this term, x is the independent variable and L =X41 ; the length

of line of the meridional curve which is to be kept constant. Figure

16 shows the selected function with different parameters k. Also

plotted were curves of equal length of line with a constant distance

4 1. The selected function has the property of a descent to sero

0= ) at r = 0 for all values of k, while over the extent 1 for

A
r>0 the ascent rises with k at points of constant length of line.

In Figure 17, the wheel design for k = 0,0625 has been plotted as a

full line, and for k = 0,375 as a dashed line, both wheel designs

having the same thickness h of shell and equal dimensions for the

blades at the points 1 = constant, so that in the store data of the

programatic calculation merely the slope of shell 6 ;f-1 at the

sectionsA .was introduced differently for each varying k.

The following Figures 18, 19, 20 and 21 show the five calculated

specified stresses of the systematically varied contours. The stif-

fening of the profile by means of blading has a noticeable effect

along the longitudinal bending stress d&and, although in a less marked

degree, upon the tangentialbeading stresses CI. The longitudinal

bending stresses show a considerable drop in the places where the

blades begin.

M-=R 62-1003 30



2. Theraetial Stress Distribuon in the Test ModelA. aneeia11y

with Reasest to the Influeoeas of the Blade -amber. the PoiSeoA

Ratio. and Teosratiure Field"

Figure 22 shows the stresses in a model d eaigned for initial e xperi-

mental inveatigations, wherein the rear of the impeller wheel vas

kept plane (hatched distribution of streses)), and, on the other hand,

has the contour illustrated in the drawing (strong, unbroken line for

the stress distribution). As another comparison, Figure 22 shows the

weaker unbroken line of the tangential and radial stresses in the

'wheel body which was also machined on the rear, If- as was said al-

ready in the beginning of the report- the impeller wheel is assumed

to be a symmetric disc and if the blades are taken into account with

regard to the increase of thickness of the shell profile proper or to

their specific gravity. The Increase of thickness h' is represented

by a hatched line in Figure 22. The strongly projecting shell portion

near the hub of the impeller wheelfront side was taken in the cal-

culation as a ring zone being free from radial stresses.

The design of the wheel body of the built model was furthermore intended

to enable the influence of different blade numbers to be studied,

which is shown in Figure 23.

The influence exercised by Poisson's ratio is of minor importance.

The calculation of the dimensionless stresses r .11(f.C.)

was carried out with different Poisson's ratios 0 = 0,3 and P = 0,36.

The maximum diviation was determined as 5,6 percent for the stresses C".

Figure 24 shows the change in the stresses for three different tem-

perature patterns illustrated in Figure 25, the entry of shearing

stresses having however been dispensed with for the sake of diagram-

matic clarity.
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3. Supernosition of Stresses

It should be pointed out once more that the calculated bending stresses

apply to the rear end of the impeller wheels. On the front side of the

wheels - it the shell is unbladed -, they possess the same absolute

value of reversed sign. If there are blades and if a represents the

distance of the central line from the medial area of the wheel, the

longitudinal bending stresses c jb on the front edge of the blade are

calculated on the following equation (see Figure 26):
b' h.+ ý - s$

at - ÷- S -at (96)

The bending stresses are additively superposed on the normal stresses.

so that subject to the sign of the bending stresses on the rear of the

*eel boo considerable boundary stresses may occur in the front

edges of blade, as tstablished by the theoretical calculation. In Fig. 26,

the superposition of (yb and is illustrated once for negative bend-

ing stresses occurring on the rea of the shell (shown by the

hatched line) and, on the other hand, for positive bending stresses

(show by the unbroken line).
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111. easurment of Stresses withe RtatL Model

1 Desornltion of Model Desi.n and MAte"il

The meamuwing of stresses on the rotating model must be largely con-

fined to measuring the stresses cocurring on the surfaoe of the

wheel body as it is only here that a state of plane stresses exists.

The wheel design seleoted for the first measurement is Illustrated

in Its main dimensions in Figure 27. The shell body proper was made

of plexiglas in the model which was built first. In radial slots

milled out of the smooth sbell, four blades of uniform thickness

a - 1 oa and made of VP 1527 material were cemented. Later on an-

other model of Ilke dimensions was built whose wheel body was made

of VP 1527. Two pairs of opposite blades, which were ceamted Just

on the surface of the shell front side, were made of VP 152n and of

Araldit-B, respectively.

The low number of four blades was selected In order to enable these

to be stroboscopically tested vertical to the axis of rotation. As for-

merly only rotary speeds of up to n - 6000 RPM could be reached, one

pair of blades in the second model was made of Araldit-B which has

a superior photoelastic action. The excessive blade thickness a,

which does not meet actual conditions In impeller wheels, Is largely

compensated by the low number of four blades, so that with equal blade

volume but normal blade thicknesses a roughly equivalent blade number

a - 15j-18 would result.
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2. Scheme of the Test Arranasment

The complete testing equipment is illustrated in Figure 29. While

Figure 30 sketches the path of light for the stroboscopic penetra-

tion of blade by mas of flash lamp F, mirrors 81 and S20 polarizer

P, model M, analyzer A and camera K, Figure 31 illustrates the measur-

Ing scheme for measurements with strain gages where R1 designates the

active strain gage, R2 the compensator, A the rotational transmitter,

B the carrier frequency measuring bridge and C the switch for different

strain gages mounted on the model. The strain gages were first mounted

Only in symetrical places of the iapellef vheel as the direction of

principal stresses is known only in these places. The strain measure-

ments were carried out in corresponding places both in a radial and

tangential direction. The principal stresses result with the known

strains 6, and E. In

E 1( +e. 'C)1-, - (97)
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3. Test Procedure and Preliminary Results

Measurement of the stresses and strains were conducted in such a

manner that the photoelastic behavior of the blades and the strains

occurring in certain places of the wheel body could be simultaneous-

ly observed with the aid of the strain gages. Figure 32 shows the

fringe picture of a transilluminated blade made of the photoelastically

active Araldit-B material at a rotational speed of na 6000 RPM.

An exact quantitative analysis of stresses in the blades is impracti-

cal due to the low fringe order at the speeds so far attained.

With the aid of a suitable carrier frequency measuring bridge, the

strains may be read off as a function of the speed. In view of the

very high linear heat extension of the synthetic resins that were

used in constructing the models, the temperature compensation was

found to be fairly difficult as temperature differences of very few

degrees occurring between the places where the strain gages were mount-

ed and in the places where the compensation gages are located will be

sufficient to produce impermissible deviations in the measurements.

The compensation gages were cemented on in places where there are no

stresses, although theywere exposed during the test to the temperature

variations of the ventilated air. On the rotating model, the front edge

of blade at the outer radius ra offers itself as a stress-free portion

of the impeller wheel. Further tests aimed at compensation were at-

tempted In such a manner that unloaded plastic rods to carry the com-

pensation gages were statically attached to the periphery of the ro-

tating wheel, and were thus also exposed to the ventilated air flow

from the impeller wheel. Figure 33 shows the measured stresses in

the symmetric section betweentwo blades on the front side of shell.

In view of the considerably local variation of stresses anticipated,

strain gages of metal foil with as small a measuring surface as

possible were employed.
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4. Remarks on the Continuation of the Test Program

In continuation of these tests, the models of the coming experiments

will be coated with brittle lacquer in order to localize the severest

stresses in these places where the grids of cracks reveal the greatest

density of lines. In addition to that, the crack lines extending at

right angles to the direction of the major principal stress are ex-

pected to furnish information on the direction of the principal

stresses, so that the strain gages may be applied to any desired

place of the model in a corresponding direction. Strain gages which

are arranged in a rosette fashion and permit the stress conditions

to be completely covered without any knowledge of the direction of

principal stresses being required, possess too large a measuring sur-

face where the stresses may be subject to severe changes.

For necessary higher speeds, a direct current shunt motor

of greater power will be installed which will be controlled in its

speeds by Ward-Leonard operation. The required speeds of up to

n - 25,000 RPM will be obtained by a gear. Speed measure.

ment will be made with utmost accuracy through direct digital

regtatration.
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Fig. 3
Forces and moments acting on the shell element.
The sectional areas are formed on the one hand
by surface lines and on the other hand by
parallel circles, and are positioned perpendi-
culaz to the medial area of shell.

ASDJfN5-2-1O13 42



bb,

-4

'4J

0

-4

-44)

0

0

AsD.TDR62-104 43



rr

r T

duT -yd(y-k) ur -y(y-k)
T const T-conat

Fig. 6
Shear deformation on the shell element for const and C- const
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Fig.
Relation between radial stress and
longitudinal stress
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Fig. 8
Comments on the relation between
slope and bending stress

"uqhrdf + d(qhrh*e)
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Fig. 9
Designations and forces on the finned shell element
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Fig. 10
Comments on the geometric relations for the mean
length of fin 1'
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Fig. 11
Illustration of the geometric dimensions and
terms of a shell with fin
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Fig. 12

Fig. 12

Moments on the shell element with ring zone
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Fig. 20
Analogous to Fig. 18, representation of the tangential bending

stress 0"1
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Analogous to Fig. 18, representation of the specified stresses O
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Fig. 22
Calculated distribution of stresses in a model wheel
with different designs of the rear of wheel body
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Influence of different blade numlbers on the distribution
of stresses in an Impeller wheel
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Fig. 24
Influence of temperature fields on the stress
fields of an impeller wheel
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Fig. 25
Representation of assumed temperature fields with
regard to the distribution of stresses according
to Pig. 2J4

Fi.26
Am)..TDE-62-1O13 Superposition of the normal stress 0,with the

bending stress O.A on a finnied shell element
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Fig. 27
Representation of the first model wheel with the
principal main dimensions

Pig. 28
Illustration of the first built model wheel with
four blades
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Fig. 29 a

General view of the teat stand with model and measuring equipment

1) stroboscope, apparatus for current supply and control unit
2) flash lamp
3) reflector between lamp and model
4) polarizer
5) model
6) analyzer
7) reflector between model and camera
8) camera
9) rotational transmitter

10) carrier frequency bridge for strain gage measurement
11) digital speed counter

qSTw,..62-1o0 3 58



Fig. 29 b

View of the mounted model disc in the test bed
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Fig. )3
Representation of the way of light in a stroboscopic
transillumination of the blades

P flash lamp M model
S1 mirror A analyzer
S mirror K camera
p polarizer

Fig. 31
Measuring scheme for strain gage measuring

RII active strain gage B carrier frequency
R compensator measurement bridge
A rotational transmitter C switch for different

strain gages
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Pig. 32
Fringe pattern photos of blades of the model wheel
at a speed of n - 6000 rpm
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Fig. 33
Stresses determined in the symmnetric section
between two blades by means of strain gages
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